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We discuss a top undergoing constant precession around a magnetic field and suffering
a periodic sequence of impulsive nonlinear kicks. The squared angular momentum being
a constant of the motion the quantum dynamics takes place in a finite dimensional
Hilbert space. We find a distinction between regular and irregular behavior for times
exceeding the quantum mechanical quasiperiod at which classical behavior, whether
chaotic or regular, has died out in quantum means. The degree of level repulsion depends
on whether or not the top is endowed with a generalized time reversal invariance.

1. Introduction

The quantum treatment of systems capable of chaotic
motion in the classical limit is interesting for several
reasons. First, there is the desire to see how the classi-
cal distinguishability between regular and chaotic
motion gradually arises as the system is turned more
and more classical by changing a suitable parameter.
By a controlled increase of quantum mechanical time
scales such as wave packet spreading times or inverse
level spacings, for instance, one would like to study
the growth of the life time of effectively chaotic evolu-
tion of suitable observables.

Perhaps an even greater incentive for quantum
mechanical investigations lies in the question whether
quantum chaos can be more than a mere transient
mimicry of classical chaos. If so, we need intrinsically
quantum mechanical criteria to distinguish regular
an irregular behavior; the relation of such quantum
criteria to the traditional ones for classical chaos
would have to be clarified.

We shall here present a model system ideally suit-
ed to a study of the problems mentioned, a three
dimensional angular momentum J moving such that
its square is conserved. Quantum mechanically, we
can identify the operator J? with its eigenvalue j(j + 1)
and thus have a Hilbert space with the finite dimen-
sionality (2j+1). As the quantum number j is in-
creased the quantum behavior approaches the classi-
cal one. We choose the Hamiltonian so as to allow
for classically chaotic behavior as j — co. The simplest
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such Hamiltonian accounts for a precession of J
around a constant a constant external magnetic field
as well as for a periodic train of impulsive nonlinear
kicks. A stroboscopic description is then indicated,
the basis ingredient being the unitary operator U
which transports the state vector from kick to kick.

The perhaps most important feature of our model
is the finite dimensionality of its Hilbert space. Pre-
vious studies of quantum billiards [1] and the kicked
rotator [2] had to confront the intricacies of an infi-
nite number of dimensions. As Casati et al. have re-
cently emphasized [3], an equivalence of U to certain
ensembles of random matrices is much more difficult
to establish for an infinite then a finite number N
of dimensions. Of course, actual calculations (of, say,
eigenvalues or time dependent expectation values) for
systems with infinite N always have to truncate the
Hilbert space to some manageable finite size. There
is the danger, then, of introducing a new or destroying
some hidden symmetry. In fact, Izrailev [4, 5] has
recently pointed out that the eigenvalues of U for
the kicked rotator can be given drastically different
statistical properties by different truncation schemes.

Our model can be endowed with various symme-
tries. Among those are discrete rotations and noncon-
ventional time reversals. The classical analysis is
greatly facilitated by these symmetries and yields a
surprising wealth of analytic results for fixed points,
periodic orbits, and the stability scenario. In the
quantum case symmetries play an even greater role.
Two variants of the model, one with and the other
without time reversal invariance, belong to different
universality classes with respect to the statistics of
the eigenvalues of U.
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Due to the discreteness of the spectrum of our
U all quantum expectation values behave quasiper-
iodically in time {6], the quasiperiod being of the
order j (in units of the kick period). Since classical
chaos can become manifest on a time scale ~Inj (the
time needed to amplify the minimum quantum uncer-

tainty ~ l/[/ j of the orientation of J to a solid angle
of order unity) rather modest values of j suffice to
realize classical chaos as a transient and to observe
the subsequent takeover of quasiperiodicity. It is most
fascinating, however, to see quasiperiodicity on the
time scale j to arise in two qualitatively different varie-
ties.

Rather regularly shaped collapses and revivals of
quantum means alternate with a (quasi)period ~j
when all external parameters and the initial state are
set such that the classical limit would yield regular
trajectories. However, under the conditions of classi-
cal chaos quantum means display a seemingly erratic
behavior even on the time scale j; recurrences to a
close neighborhood of the initial means do occur on
that scale but have no tendency towards constant
temporal separation.

Much insight can be gained from a spectral syn-
thesis of quantum means based on the eigenvalues
and eigenvectors of U. We find a rather small number
of modes to be excited under the conditions of classi-
cally regular motion while classical chaos always cor-
responds to a large fraction of all modes in action.
Regularly alternating collapses and revivals are thus
revealed as a quantum beat phenomenon while the
erratic variety of quasiperiodicity corresponds to
broad-band excitation.

Previous analyses of level statistics have mostly
focused on autonomous Hamiltonian systems [1, 7,
8,9]. In our case of a kicked system we have to discuss
the eigenphases of the unitary operator U. Of special
interest is the relative frequency of a spacing S of
two neighboring ones among the 2j+ 1 eigenphases.
We expect and numerically confirm a Poisson distri-
bution of S to correspond to classically regular mo-
tion [10]. To investigate the level statistics corre-
sponding to classical chaos we extend previous theo-
ries for autonomous systems to kicked ones. We also
discuss the influence of time reversal invariance on
the level spacing distribution. On the basis of this
discussion we predict linear level repuision, P(S)~S
for S =0, for the variant of our model for which we
have identified a time reversal invariance. After break-
ing that invariance by a slight modification of the
dynamics and assuming that there is no unidentified
hidden antiunitary symmetry we should expect qua-
dratic level repulsion. P(S)~ S for S —0. These theo-
retical predictions are nicely confirmed by our numer-
ical results.
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Preliminary results of our work were reported in
[11]. We should also refer the reader to independent
work on a similar model by Frahm and Mikeska [12].

2. The Quantum Top

We imagine as system characterized by an angular
momentum vector hAJ =h(J,, J,,J,), [J;, J1=ie;u Jy-
The dynamics of J is governed by the Hamiltonian

+®

H@®)= +(hp/t)J,+(hk2j)J} ¥ 8(t—nT). 2.1)
The first term in H(t) describes a precession around
the y axis with angular frequency p/tr while the second
term accounts for a periodic sequence of kicks at a
temporal distance t. Each kick can be interpreted as
an impulsive rotation around the z axis by an angle
proportional to J., the proportionality factor involv-
ing a dimensionless coupling constant k/j.

The following investigation is most conveniently
formulated with the help of the unitary time evolution
operator

U=e-i®i2Miig-tpdy 2.2)

which subjects the wave function to a precession ar-
ound the y axis by an angle p and the subsequent
kick. The powers U" describe the time evolution on
the sequence of discrete times nt, n=0, 1, 2,.... In
the Schrodinger picture, an initial state {0) developes,
within »n units of time, into the state (n)=U" |0).
In the Heisenberg picture the discrete time evolution
generates a sequence of operators J,,=U"" J; U".
The corresponding Heisenberg equations take the
form of nonlinear operator recursion relations,

Ji=3(J, cosp+J. sinp+il,) ¢S Uncomp = dxsingt )
+hc.
J,=h(J.cosp+J,sinp+ i.l,)cig“"“‘""*'“"*”
+hec. (2.3)
J,=J, cosp—J, sinp.
We shall devote special attention to the precession
angle p=m/2 for which the recursion relations (2.3)
simplify considerably.
Evidently, the squared angular momentum is a
conserved quantity,

[3% H(1)] =0,
33, Ul=0.
We can therefore restrict our discussion to the (2j+ )

dimensional Hilbert space spanned by the eigenvec-
tors of J, and J2,

2.4)
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P im>=j(+1ljm)

J ljim)=mijm).
Initial states of special importance for our eventu-

al goal of comparing quantum and classical dynamics
are the directed angular momentum states [13, 14]

18,0>=(1+yy) e D=1y

]
y=e't tanz, 2.6)

2.5

J_=J,—iJ,.

These states align, with minimum uncertainty, the
vector J along a direction characterized by a polar
angle 8 and an azimutal angle ¢,

{0¢]J:[0¢)=jcosd
<0¢1J, iJ,|0¢>=je*!*sind.

One such state is the basis vector |jm) with m=/.
All other directed angular momentum states can be
generated from the state |jj> by the unitary rotation
operator

R(8, p)=exp{if(J, sind—J, cos¢)}. 2.8
The relative variance of J in a state |0¢),
(1/){K013%10¢>— <061 F 100>} =1/j, 2.9)

is the minimum one allowed by the angular momen-
tum commutation relations, it evidently shrinks to
zero as the quantum number j grows towards infinity,
i.e. in the classical limit.

We shall characterize the quantum dynamics of
our top by the means and the variances of the opera-
tors J;, with respect to the “coherent™ initial states
106>

Experimental realizations of the dynamics (2.2, 3)
might be possible in different fields. One example are
small magnetized solids; crystal anisotropies allowing
for an easy plane of magnetization can be represented
by a time independent term ~ J?Z in the Hamiltonian;
a temporally periodic sequence of short magnetic field
pulses oriented along the y axis would have to be
imposed to generate dynamics described by (2.2, 3).
Experiments performed by Waldner et al. [15] are
of precisely this type but refer to truely macroscopic
magnetizations (j effectively infinite) and thus pertain
to the classical limit. It would be extremely interesting
to redo this kind of investigation with smalil clusters
of particles.

Another type of experiment is conceivable using
Josephson junctions with a capacitance in parallel.
In a crude approximation. the Cooper pairs of the
two superconductors joined can be described so as
to be created and annihilated by Bose operators a;”,
a; with i=1, 2. The net charge on the junction can

27

383

then be represented by an operator S,
=(af a,—a; a,)/2 while operators S,=(a; a,
+a; a,)/2, S,=(a; a,—a{ a,)/2i describe the tunnel-
ing of Cooper pairs through the junction. By a suit-
able temporal modulation of the capacitance an effec-
tive Hamiltonian of the form (2.1) might then be rea-
lized {16] since the operators S; have angular momen-
tum commutation relations among themselves.

3. Regular and Chaotic Classical Motion on the Sphere

Before facing the intricacies of the quantum dynamics
it is well to study the classical behavior arising for
j— 0. In order to perform the limit we may introduce
the rescaled quantities X =J/j which fulfill the com-
mutation relations [X;, X, ]1=(1/j) ¢us X;. As j—>©
the X; obviously become c-number variables which
lie on the unit sphere. Their stroboscopic time evolu-
tion is described by a map which follows from the
quantum recursion relations (2.3) with j — oo,

X

} { (X cosp+Z sinp+Y) gik(Zcosp=Xsinp)

(3.1)
=—~Xsinp+Zcosp.

We shall sometimes use the shorthand X'=F(X) for
the map (3.2) and correspondingly write X=F~(X’)
for its inverse,
X=(X'coskZ + Y sinkZ'ycosp—Z'sinp
Y= —X'sinkZ + Y coskZ’ (3.2)
Z=(X'coskZ'+Y'sinkZ')sinp+Z’ cosp.

The conservation law (2.4) entails X2 =1 and thus
makes our classical map a two dimensional one. We
could obviously rewrite it as two recursion relations
for a polar and an azimutal angle according to

X =sinf cos¢, Y=sin 0 sin¢, Z =cos¥. 3.3

These angles are the classical counterparts of the an-
gles characterizing the orientation of the coherem
states (2.6).

Two further symmetries of our map are of great
help for the further analysis. Consider first the opera-
tions X' = T(X) and X’ = TX defined by

X —Xcosp—Zsinp

T|Y]= Y 3.4)
V4 — X sinp+Z cosp,

and

X X cosp+Zsinp
T v]= Y 3.9
Z X sinp—Z cosp,
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They are both involutions,

T:=TF2=1, 3.6)
and have the determinants
detT=detT=—1. 3.7

It is easily verified that they both yield time reversal
operations for our map F in the sense

TFT=TFT=F\

Our top thus has (doubly reversible dynamics [17].
It is worth noticing, however, that neither T nor T
is the conventional time reversal J — —J, the latter
cannot yield an invariance since our dynamics in-
volves precession around a magnetic field.

It follows immediately that the images under T
and T of n-periodic orbits of F, F*(X)=X, are n-peri-
odic orbits of F as well. It may, of course, happen
that such an orbit coincides with this own image.

It is another important consequence of the time
reversal invariance of F that we can decompose F
into a product of two involutions

F=T(TF) 39

(and similarly with T) since (TFP=(FT) =1,
(TF)*=(F T)*=1. Such decompositions greatly facili-
tate the search for periodic orbits. As a first step to-
wards their employment we introduce the “symmetry
lines™ for the various involutions, ie. the set of all
points X obeying

IIX)=X and X2=1

3.8)

(3.10)

for I=T, T, FT, TF,.... For instance, the symmetry
lines of Tand T (to be referred to as Tline etc.) are
the great circles on the unit sphere defined by
X sinp—{cosp—1) Z=0and X sinp—(cosp+1) Z=0,
respectively. The other symmetry lines ténd to have
more complicated shapes for general values of the
precession angle p. For p=n/2, however, we still have
great circles with Z=0 for FT and with X =0 for
TF, while the intersections of the unit sphere with
X(coskZ+1)+Y sinkZ=0 and Z(coskX+1)+Y
sinkZ=0 are the symmetry lines for FT and TF,
respectively,

As an illustration of the use of time reversal invar-
iance we propose to consider a point X on, say, the
T line. If the n-th iterate F*(X) also lies on the T
line or on the symmetry line of either TF of F T,
that point is periodic with period 2n, 2n+1, and
(2n—1), respectively [17, 18]. We may thus search
for. say, period-2n solutions of F by studying F" (in-
stead of F*").

It is also easily shown that any periodic orbit of
F with even (odd) period which is invariant under
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any of the involutions in question has an even (odd)
number of points on the corresponding symmetry
line.

Beyond being symmetric under the time reversals
Tand Tour map F is invariant under rotations around
the precession axis by =,

x\ [-x
R, F=FR, with R|Y]={ v} 311
z/ \-z

Actually, the three symmetries T, T, and R, are not
independent since R, T=TR,=T, TT=TT=R,. It
follows that the R, image of every n-cycle of F is
an n-cycle of F, too.

Specializing, for the remainder of this section, to
p=n/2 we have the further symmetry

X X
FR,=R,FR, with R|Y]=|-7¥]. (3.12)
z] \-z

This implies that the iterated map F? is invariant
under rotations around the x-axis by ,

R, F*=F*R,. (3.13)

The most important consequence of (3.12, 13) is that
every (2n+1)-cycle of F together with its R, image
is mapped, by R,, into a (4n+ 2)-cycle of F, provided
the (2n+ 1)-cycle in question is not symmetric under
R

i Let us now look at the fixed points of F. Evidently,
the poles

X=Z=0, Y=+1 (3.14)

with respect to the precession axis are invariant under
F for any value of the kick strength k. Further, nontri-
vial fixed points appear for sufficiently large | k). They
are determined by

kX

with f(X)=sin? (k X/2}{1 +sin*(kX/2)} "' —X?

Z=-Xx,

and thus come in pairs, too. They all liec on the T
line. One member of each pair can be generated from
the other by R,. It therefore suffices to consider only
fixed points with X >0. We may also confine our-
selves to positive kick strengths since a change of
sign in k is equivalent to changing the sign of Y for
the fixed points.

A graphical analysis of (3.15) easily reveals that
(i) the first nontrivial solution emerges for ko =2 and
(1i) additional pairs of nontrivial fixed points appear
when k crosses the thresholds k;, j=1,2,3,... deter-
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mined by f(X)=0,f'(X)=0, and X?= 1. These thresh-
olds are easily found numerically.

To discuss stability we need to linearize the map
F around the various fixed points. Due to anguiar
momentum conservation, X?=1, one of the three ei-
genvalues of the linearized map is, for all fixed points,
equal to unity and thus irrelevant for stability. The
other two eigenvalues are equal to unity in modulus
provided the X and Y coordinates of the fixed point
in question obey

lkY+coskX —1]<2. (3.16)

The trivial fixed points are thus stable for k <2. The
nontrivial fixed point emerging for k >k, =2 is stable
for kosksk§,=[/§n. Of the pair of fixed points ap-
pearing at k>k; the member with the smaller value
of X is always unstable while the other member is
stable for

ki<k<K=Qj+1))2nj=1,2,....

When the kick strength crosses one of the thresh-
olds k; the fixed point which looses its stability bifur-
cates into the period-2 solution

G.17)

X =X,=~2,=—~Z,=2j+1)nfk

Y, = — Y, ={1-2(2j+ 1> n?/k?}¥/2, (3-18)

Like the fixed point it originates from it lies on the
symmetry line of T. Once again linearizing we find
the stability range
kj<k<kj=}/k?+4. (3.19)
As we increase k beyond k] we generate a period-4
orbit and, for yet higher k, a whole cascade of period
doublings with orbits symmetric under T.

Similar structures are revealed by investigating the
T line which is the R, image of the Tline. There are
period-2 solutions

Xi=Z,=~X,=-2,, kX,

Y,=Y, =— fidaial 3
=Y, X, cot 3

(3.20)

with X, again a root of the function f(X) defined
in (3.15). It is, of course, due to the invariance (3.12)
that the operation R, rotates each fixed point (3.15)
and its R, image to the location of the period-2 cycle
and vice versa. The first of these cycles bifurcates from
the “south™ pole with respect to the precession axis
when k=ko=2 and pairs of cycles emerge at the
thresholds k; with j=1, 2..... Each cycle shares its
stability properties with the corresponding pair of
fixed points. The cycle loosing stability at k; bifurcates
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into the period-4 orbit

X,=Z,=—X,=-2,=X3=2Z3=—X=—2Z,
=Q2j+1)n,
@2j+ 1) njk, @21
Yim — Y= Y= — Vo= {122+ 17 sk}

which remains stable in the range (3.19). Evidently,
it lics on the T line and can be found by rotating
the 2-cycle (3.18) together with its R, image around
the X-axis by =.

Due to the high symmetry of our -model we can
easily find further periodic orbits. Of importance for
us will be the period-4 cycle

0 . 1
X, =-X3=[0], X,=-X,=|0]. (3.22)
1 0

Note that this orbit lies on the “equator™ with respect
to the precession axis with X, and X; on the TF
line and X, and X, on the F T line. It exists for arbi-
trary values of the kick strength but is stable only
for (2 cosk+ k sink)? < 4.

Another sequence of 4-cycles

X =Z,=X,=—2,=—-X3=-Z3=—X,=2,,
kX,

- 3.23)
cos? (kX ,/2)/{1+cos*(kX,/2)}—X}=0,
has X, and X; on the Tline and X, and X, on the
Tline. It is thus symmetric under both Tand T. The
stability scenario is similar to the one of the fixed

points (3.15).
There are interesting 3-cycles

X,=2,=—Zy=—Xy X,=Z,=0,

Yi=-Y;=Y,=-Y,=X,tan

Y,=—X,cotkX,Y,=Yy=-X,/sinkX,, (3.29)
sin?k X, /{1 +sin? kX,}—X}=0
and
Z,=2)=-X,=—X;,
Zy=—-X,,Y,=Y,
3 2, Iy 3 (3.25)

X,=-X,coskX,+Y,sinkX,
Y,=X,sinkX,+Y, coskX,

where X,, Y, are given by solutions of the equations:

k
X, [ctg(i X, oost,)—-sinkX,]+ Y, coskX,=0
2X3+Y2=1.

The 3-cycles (3.24) are symmetric under T while the
ones given in (3.25) are T invariant. Both types arise
in pairs with each member the image of the other
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under R,. Due to (3.12) each such pair yields, upon
rotation around the X-axis by =, a 6-cycle.

All of the stable fixed points and periodic orbits
discussed in the above show up in Fig. [ which por-
traits trajectories generated by the map F for p=n/2
and various values of the kick strength k. Figure 1a
pertains to k=2, a case where the fixed points at
the poles (3.14) are still marginally stable. Most of
the sphere is then covered by the stability islands ar-
ound these fixed points, around the 4-cycle (3.22), and

-a pair of 3-cycles (3.25) together with their R, image;

narrow chaotic bands are visible near the first of the
4-cycles (3.23) and also near a pair of 3-cycles (3.24)
and their R, image which are unstable at k=2.

The somewhat richer structure arising for k=2.5
is displayed in Fig. 1 b. The precession poles have now
become hyperbolic fixed points and thus have chaotic
trajectories in their neighborhoods. A pair of stable
fixed points (3.15) in the “northern” hemisphere
(Y>0) and, as their R, image, the period-2 orbit (3.20)
in the “southern™ hemisphere now have prominent
stability islands, as does the 4-cycle (3.22). Quite con-
spicuous is a pair of 3-cycles (3.24) in the southern
hemisphere and their northern correspondant by R_,
a 6-cycle. A southern pair of S-cycles, one the R, im-
age of the other, and, at R, symmetric locations, a
northern 10-cycle are also discernible. Apart from fur-
ther but much smaller islands of stability the rest of
the sphere accommodates chaos.

Chaos has become much more predominant for
k=3, as is shown in Fig. 1c. It is only the stability
islands of the northern pair of fixed points (3.15) and
the corresponding southern 2-cycle (3.20) and of the
equatorial 4-cycle (3.22) that are easily detected nu-
merically. Note that the points (3.15, 20) have ap-

proached the equator quite closely. For k=K, == [/2
they will have arrived at Y=0 and go unstable.

At k=6, the case described by Fig. 1d, only tiny
islands of stability around the equatorial 4-cycle (3.22)
remain visible. There may be other unresolved stabili-
ty islands but clearly, chaos has expanded to near-
global dominance.

We should emphasize once again that there are
whole generations of solutions of the equations deter-
mining fixed points and other periodic orbits. There-
fore, regular structures keep reappearing as k is in-

Fig. 1a-d. Classical motion on the unit sphere. The left and right
columns depict trajectories on the northern (Y3 0} and the southern
(Y<0) hemisphere, respectively. Fixed points are labeled by 1, points
on n-cycles by n; or 5. a: p=£. k=2 b p=f. k=25:¢: p=ﬁ,

x 2 2 2
k=3;4: p=§,k=6
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Fig. 2. Classical and (solid line) exp ion value
{J,, for initial state localized in cl

Tdo=—<J:)0,8,=08

1.0

<3y>/j

0.5

o 500 1000

Fig. 3. Quantum mean as in Fig. 2 extended to large times to display
the regular alternations of collapse and revivals

the quasiperiodicity of the quantum dynamics of our
top becomes manifest for times of the order j. Classi-
cal chaos can therefore live in quantum expectation
values as a transient only; it is definitely dead after
a number of kicks of the order j.

Conversely, if we want to find out whether quan-
tum chaos can be more than a mere transient mimicry
of classical chaos we ought to study the quantum
dynamics on a time scale of the order j, for large
values of j. Such an investigation must be carried out
numerically.

For the numerical calculation of time dependent
expectation values we have employed two different
strategies. One is to use the eigenstates |jm) of J?
and J, to represent the operators U and U™" J; U"
as (2j+1) by (2j+ 1) matrices. The alternative is to
first diagonalize U and then spectrally synthesize time
dependent expectation values by using the ecigenvec-
tors and eigenvalues of U. We have not been satisfied
with our numerical results before both methods
yielded agreement for j=100 and times up to
n=1.000.

In Figs. 2-5 we depict the time dependence of the

ically regular region
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1.0
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Fig. 4. As Fig. 2 but with initial state locali
chaotic region at {J,)o= —<{J, ), §,=0.1

1.0

<3,>/i

o

0.
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‘Fig. 5. Quantum mean as in Fig. 4 extended to large times to display

the irregularity of recurrences

expectation value of J, for coherent initial states, j
=100, and k=3. Figures 2 and 4 show the short-time
behavior, n<j, and also contain classical ensemble
averages { Y ). The latter were evaluated from bundles
of 1,000 classical trajectories originating from a cloud
of initial points equal in location (6, ¢) and angular
spread (sin6484¢=1/j) to the coherent state used
in the quantum case.

For Fig. 2 we have chosen an initial state well
within the classical stability island around the fixed
point (3.15) with X=—-2Z>0, Y>0 (see Fig. 1c). The
classical average (crosses) displays damped oscilla-
tions towards a stationary value (Y, =0.5. The os-
cillation corresponds to the classical orbiting of the
regular trajectories around the stable fixed point; the
oscillation period 4 n=4 compares favorably with the
eigenvalues obtained by linearizing the map F around
the fixed point. Actually, the nonlinearity of F attri-
butes slightly different orbiting frequencies to the
1,000 trajectories in the classical ensemble. As the or-
bits gradually get out of phase with oneanother the
classical average (Y suffers a damping. The station-
ary value (Y), roughly equals the Y coordinate of
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the classical fixed point. The quantum average {J,)
shows the same behavior qualitatively. There is even
rather good quantitative agreement between the clas-
sical and the quantum averages during the first 10
or so oscillations; even for n up to j=100 the only
difference between the two overages is in a slight
phase shift. Such agreement is to be expected on the
basis of the semiclassical analysis of Sect. 5, especially
in view of (5.10).

For times exceeding j the quantum behavior is
quite different from the classical one. While (Y tends
to a stationary value, if the number of points in the
ensemble goes to infinity, the quantum average exhib-
its, as it must, quasiperiodicity. As shown in Fig. 3
the quasiperiodicity takes the form of a rather regular
sequence of “collapses” and “revivals™ [20]. The tem-
poral scparation of subsequent revivals, the quasiper-
iod, comes out as roughly 100 and that value nicely
confirms the expectation based on the mean spacing
4 ¢ =~n/j of the eigenphases of U.

Figure 4 refers to an initial state ocalized within
the classically chaotic region. In view of the semiclass-
ical arguments presented in Sect. 5 it is not surprising
to find significant differences between the classical and
the quantum averages at rather early times, nx8, al-
ready. Lateron, the classical average decays to zero.
This decay signals a rather symmetric spread of the
bundle of classical trajectories over the northern
(Y>0) and southern (Y<0) hemispheres. Radically
different is the quantum behavior for times n>j (see
Fig. 5). As in the regular case the quantum mean <{J,)
keeps recurring to the neighborhood of its initial
value [6, 21]. In striking contrast to the regular case
the sequence of recurrences is seemingly erratic rather
than having nearly equal spacings.

While the early-stage behavior of the quantum
average in Figs. 4 and 5 can be interpreted as a reflec-
tion of classical chaos the erratic sequence of recur-
rences visible for times larger than j is a genuine quan-
tum effect. It is quite interesting to see the quantum
quasiperiodicity to manifest itself so drastically differ-
ently in Fig. 3 and Fig. 5. The difference certainly sug-
gests that the distinction between regular and “chaot-
ic” dynamics may not be an exclusive priviledge of
classical mechanics.

In order to check whether the transition from or-
derly sequences of collapses and revivals to erratic
recurrences can serve as at least a qualitative quan-
tum criterion for chaos we have calculated the aver-
ages <J,), for various coherent initial states. These
states were chosen on the classical T line ({J,>q
= —{J.)o) with an angular separation 8,={(#, {Jo>
from the precession axis ranging from 0.1 (as in Figs. 4
and $, close to the hyperbolic fixed point at the pole
Y=1) to L1 (close to the classical elliptic fixed point
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with X >0), always keeping the kick strength k=3
and the precession angle p=n/2. Classically, the
island of stability around the elliptic fixed point lies
(see Fig. 1b) in the interval 0.6<6,<14; classical
chaos prevails in 0<6,<0.6 while the intermediate
range, 0.5<6,<0.6, accomodates both narrow chaot-
ic bands and regular orbits. In the time dependence
of the quantum average <J,), we find clear regular
modulations as in Figs. 2 and 3 for initial states with
1.12 8, <0.7 but clearly erratic behavior like in Figs. 4
and 5 for 0.42020.1. The size of the intermediate
region in which the transition from regular to erratic
recurrences takes place is in harmony with the classi-
cal transition range and the angular width of the ini-
tial coherent states, 40, = 1/)/j.

Needless to say that the qualitative difference be-
tween regular and erratic recurrences does not in itself
constitute a “hard” criterion for quantum chaos. In
searching such a criterion it might be interesting to
study the width &n of the probability distribution of
the temporal separations of recurrences of {(J,)> to
some close neighborhood of its initial value. The reia-
tive width én/j may behave quite differently at large
j in the two cases. Evidently, more work is needed
to explore such possibilities.

7. Quantum Beats Versus Broad-Band Excitation

Let us now turn to a spectral investigation of our __
quantum top based on the 2j+1 eigenvectors and
eigenvalues of U. We have found the number of eigen-
vectors necessary for a satisfactory synthesis of {J,),
to vary considerably when the initial coherent state
is moved from a region of classically regular motion
to one of classical chaos. For a quantitative discussion
of this phenomenon we may employ the minimum
number N, of eigenvectors of Unecessary to exhaust
the normalization of a coherent initial state to within,
say, 1%. Figures 6a—c refer to coherent states on the
classical T line and show N, in its dependence on
0, for k=2, 3 and 6. It is quite interesting to compare
the 6, dependence of N, to that of the classical Lya-
pounov exponent which is also displayed in Fig. 6.
Roughly speaking, N, is large when the Lyapounov
exponent is.

The two quantities appear correlated most inter-
estingly for k=3. The rather flat minimum of N,,
N mia = 8. shows up close to the location of the classical
elliptic fixed point, 8,z 1.1. As the neighboring chaot-
ic regions are entered N, grows by roughly an order
of magnitude. The rather pronounced dips of N,
at the poles 8, =0 and 6,=r are due to a symmetry.
For coherent states living close to those poles only
eigenvectors which are even under R, for j even are
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initial state localized in classicaily regular region at {J,>¢= —{J, Do,
8,=0.8. These results should be compared with Fig 3

appreciably populated while everywhere else along
the T line even and odd eigenvectors tend to show
up in approximately equal numbers. Clearly, it is the
priviledge of coherent states located close to the poles
defined by the y axis not to be displaced much by
rotations around that axis by = and thus to have
very small components along the eigenvectors of U
odd under R,.

For k=6 our determination of the Lyapounov ex-
ponent does not reflect any regular motion anywhere
along the T line. Correspondingly, N, is large and
rather uniform again except for the holes at the poles
6,=0, n. On the other hand the dips corresponding
to 4-cycle (3.22) are clearly visible when we move

along the equator (0,:;) rather than along T line
(Fig. 6d).
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The behavior of the Lyapounov exponent along
the Tline for k=2 reveals a chaotic band 1.8 56,<2.2
around one point of the unstable 4-cycle (3.23) and
a smaller such band close to 8,~1.5 which pertains
to the now unstable 6-cycle related to the pair of
3-cycles (3.24) by R,. The variation of N, on the
other hand, is not sufficiently pronounced to yield
a detailed correspondence to the classical behavior.

It is tempting to speculate that the correlation
between the Lyapounov exponent and N, grows
stronger as the quantum number j is increased. It

is certainly reasonable to expect N, to scale as [/}
for initial states well within the classically regular re-
gion since regular orbits are not qualitatively different
from harmonic ones. Coherent initial states in the
classically chaotic region should, on the other hand,
pick up a fraction of the 2j+ 1 eigenstates of U grow-
ing much faster with j, possibly with N, ~j. If we
could prove that conjecture we would have a quan-
tum mechanical criterion for chaos complementary
to the one suggested in the last section.

The relative smallness of N, in regions of regular
motion suggests an interpretation of the orderly se-
quence of collapses and revivals in Fig. 3 as a quan-
tum beat phenomenon. This is made plain in Fig. 7a—
¢ where <J,), is synthesized by the four, six, and eight
most important eigenvectors.

The erratic recurrences characteristic of chaotic
motion now appear as due to the interference of a
large number of eigenvectors, ie. broadband excita-
tion.

8. Level Repulsion

For kick strengths at which our top has regular classi-
cal trajectories over most of the sphere we can expect
the cigenphases ¢, to have spacings with a Poisson
distribution [10]. Figure 8 shows that expectation
borne out nicely for j=100. Actually, to obtain a rea-
sonably smooth level spacing distribution we had to
superimpose the histograms pertaining to the 101 di-
mensional even subspace and the 100 dimensional
odd subspace for five different kick strengths in the
interval 0.1<k<0.3 and p=2.

When we increase k to anywhere beyond 6 chaos
dominates practically all of the classical sphere. The
eigenphases ¢, must thus be expected to be equivalent
in their statistical properties to the eigenvalues of
“random” (2j+ 1) by (2j+ 1) matrices from an appro-
priate matrix ensemble. Among the ensembles which
have been found to define different universality classes
of level statistics we can confidently rule out the band-
diagonal matrices whose eigenvectors show the effect
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Fig. 8. Distribution of quasienergy spacings for the case when regu-
lar motion dominates classically, p=2, 0.1<k<0.3. The smooth
curve corresponds to the Poisson distribution exp(— S)

of localization with respect to some “natural” repre-
sentation [22]. If we represent our unitary operator
U in the basis of eigenstates of any of the components
of J we invariably find nonvanishing elements all over
the matrix rather than a tendency of nonzero entries
to cluster near the main diagonal. Typical eigenvec-
tors of U should therefore not be “localized” with
respect to any of these representations (provided k
is set such one has global chaos classically). Speaking
geometrically, typical eigenvectors will not have their
supports on narrow solid angle ranges. This reasoning
is also backed by the fact that the quantity N, de-
fined in the last section tends to be large everywhere
on the sphere for the k values in question.

In order to investigate the statistics of our ¢, we
shall now extend an argument originally given by Pe-
chukas [23] (see also [24]) for autonomous Hamil-
tonian systems to periodically kicked ones. Let us
consider time evolution operators of the general form

UB=e*U,, V=V* 8.1)
and inquire about the dependence of the eigenvectors
|¢4(4)> and the ecigenvalues ¢(4) on the parameter
4 (For our kicked top 4 can be taken to be the kick
strength k while V = —J2/2j). The eigenvectors and
eigenvalues pertaining to Z and A+ 34 can be related
to one another by lowest-order perturbation theory
with respect to V54 As 64— 0 we obtain the follow-
ing set of differential equations
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Vam =< (D) V] ¢l 2.

We may interpret these differential equations as de-
scribing a flow in a phase space with ¢, and V,,
as generalized coordinates, and 4 a “time™. Alterna-
tively, we may interpret them as showing how U
moves about in a matrix ensemble the nature of which
we want to find out. Having in mind that U tends
to behave like a random matrix we assume the flow
(8.2) to be ergodic. Instead of “time™ averages over
large 4 intervals we can then employ ensemble aver-
ages to establish the statistics of the eigenvalues ¢,.

The phase space density p({@,}, {V.um}, 4} must
obey the continuity equation

a .
0=—a—1 p+ DIV(V ')
d .
=HP({¢.U-)}, {Vem(D)}, H+pDivV @®3)
where the phase space divergence
. Odu Vi
Dwv=}:j 39 +.‘_\:.5K 84
is given by (8.2) as
DivV= T i(g—)/{e¥="4 -1}
atm
d -
== Y Injeidndmw—1|. 8.5

The summation in (8.5) is over as many pairs n, m
as there are independent real parameters in the set
of off diagonal matrix elements ¥,,. That number
obviously depends of the dimension N of the Hilbert
space the operators U and V live in (For our kicked
top with even j we have N=j+1 and N=j for the
subspaces ever and odd under R, respectively). If
there is no restriction on ¥V beyond Hermiticity,
V=V", the number of independent pairs n, m is
N(N—1). Only half as many pairs are independent,
however, if a generalized time reversal invariance
holds as we shall show presently. Distinguishing the
two cases by a parameter f which takes the values
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1 and 2 for systems with and without such an invar-
iance, respectively, we write the simplest solution of
(8.3, 5)as

p~ [] et~ —1 8. (8.6)
If the flow (8.2) has no other constants of the “mo-
tion” the proportionality factor in (8.6) cannot de-
pend on the phases ¢, and the matrix elements V,,,
and is thus determined by normalization. The distri-
bution p then yields the probability density of eigen-
phases in the ensemble of matrices within which U (1)
moves ergodically. By suitably reducing [25] p we
obtain the probability for two neighboring eigen-
phases to have the spacing S which reads, for S0,

P(S)dS~S*. @7

Kicked systems thus display, as do autonomous Ha-
miltonian ones, linear or quadratic level repulsion de-
pending on whether or not they possess a suitable
time reversal invariance.

To verify the asserted consequence of time reversal
invariance we represent the generalized time reversal
as in (4.9)

T=SK,TUT=U". 8.8)

where K is an antiunitary conjugation operation and
S a unitary operator. We assume T not to depend
on A and to obey (4.10). With respect to any antiuni-
tary operator Tobeying T2=1 it is possible to trans-
form any complete set of orthogonal vectors into an-
other one with Tinvariant basis vectors [26], T |y,>
=[¢,>- In such a basis U is represented by a symmet-
ric matrix since U, =<Ky |KUy)*
=(TY|TUY* =Wl TUT |gD*=CU¥|§*
=U,,. Moreover, the eigenvectors [¢,> of U have
real components ¢! along those |y,> and are thus
T invariant themselves,

Tig.> =1 8.9

To prove this [25] we decompose the matrix Uy, as
U=U,+iU, with U, and U, both real and symmet-
ric. The unitarity of U then yields 1=U*U=U?
+U2+i[U,, U,] and thus [U,, U,]=0. As any pair
of commuting real symmetric matrices U, and U,
can be diagonalized simultaneously by a real orthogo-
nal matrix R the columns of which contain the com-
ponents ¢* of the common eigenvectors of U,, U,,
and U. The T invariance (8.9) is an immediate conse-
quence of the reality of the ¢f, T ¢f |¢,> =) ¢f
Tl =l¢n. . ,

We now differentiate in

Te!* Uy T=Ug e"i4¥ (8.10)

el e o e e A bt k<
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with respect to 4, set A=0 and obtain the restriction
imposed on the operator V by time reversal invar-
iance,

TVT=U"VU.

By taking matrix elements with respect to eigenstates
of U we derive the symmetry

(8.11)

ey =V, e it (8.12)
This symmetry could also have been obtained as a
conservation law for the flow (8.2). We have now
shown time reversal invariance to effectively halve the
number of independent offdiagonal elements of ¥ and
thus to imply linear level repulsion.

Further insight into the role of time reversal can
be obtained from a perspective established by Dyson
[25]. Dyson’s “orthogonal” ensemble of unitary sym-
metric N by N matrices is defined by its invariance
under any transformation S— WSW where Wis an
arbitrary unitary matrix and W its transpose. Any
member U of this ensemble can thus be represented
with the help of a suitable unitary matrix 4 as

U=AA, A '=A*

Assume such a decomposition to hold for a U of
the form (8.1) with a particular value of 1. To find
the condition under which U remains within the or-
thogonal ensemble when A is varied we consider an
infinitesimally neighboring one

UA+8A)=U@+i Vol)=AA(1+iVsd)

(8.13)

=A(N+iMé)A. (8.14)
The last equation in (8.14) defines a matrix M as
M=Avi. . @19

Evidently, then, U(i+42) is symmetric if and only
if M is. Choosing the eigenvectors |¢,) of U(4) as
a basis we have

A=A=Y *2[$,>(4.|

and

M, =cinbmi2y (8.16)

The symmetry of the matrix M, however, is just the
identity (8.12) the compatibility of which with the evo-
lution of U(4) in “time” is now obvious.

In order to compare the theoretically predicted
level repulsion with numerical resuits for our top for
Jj=100 we had to superimpose several level spacing
histograms. Figure 9 is based on 10 x (101 + 100) ei-
genphases pertaining to ten different kick strengths
in the interval 10.0<k<10.5 and p=1.7. We should
note that we have chosen p+ /2 in order to avoid

F. Haake et al.: Classical and Quantum Cbaos for a Kicked Top

3
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the symmetry (4.6) which would halve the number
of independent ¢, in the odd subspace. Figure 9 quite
convincingly reveals the expected linear level repul-""
sion.

Let us finally turn to the most intriguing question
as to how we have to modify the dynamics in order
to achieve quadratic level repulsion [4, 9, 27]. As
potential candidates we have studied the evolution
operators

UK, k, p)=e'®/2DI2 g=iki2 i g=inly (8.17)
which differ from (2.2) by accounting for an additional
nonlinear kick around the x axis. It is easy to see
that in the special cases p=1/2 and k' =k antiunitary
generalized time reversal operators can again be con-
structed so that we must expect linear level repulsion.
In the general case, however, we have not been able
to identify any T invariance. Moreover, taking U(0,
k, p) as Uy and —J%/2j as V in the sense of (8.1)
we have verified that the flow (8.2) with A=k’ is not
compatible with the symmetry of the matrix (8.16).
There is thus certainly no k' independent antiunitary
operation T. While these findings do not prove that
U(K', k, p) typically lies within the so-called circular
unitary ensemble we at least have no obvious reason
to expect linear level repulsion. In fact, our numerical
analysis for j=100, p=1.7, §=0.5 and the same set








